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Abstract

This paper presents a methodological framework for the systematic analysis and interpre-
tation of complex, often unstructured and difficult-to-decipher handwritten mathematical
notes, using Alexander Grothendieck’s personal manuscripts (notably the “Cote 115” pages
on topos theory and functorial correspondences) as a primary case study. We propose a
multi-stage pipeline combining (1) high-resolution imaging and legibility enhancement; (2)
thematic coding and provenance tracing across drafts and marginalia; (3) diagrammatic
reconstruction, using bicategorical and co-categorical templates when appropriate; (4) for-
mal reconstruction of nascent concepts (for example, candidates for adjointability or span
compositions); and (5) comparative validation against extant publications and archival scans.

The framework emphasises concrete techniques for handling illegible passages (confidence-
weighted transcription, multi-expert voting, and pen-stroke clustering), for identifying
conceptual evolution (chronological layering and dependence graphs), and for tracing in-
terconnections between marginalia and main text (cross-referential anchors, concordance
indices). It further develops procedures for reconstructing nascent mathematical ideas — such
as adjointability conditions, span-composition heuristics, and proto-bicategorical diagrams —
by combining diagrammatic inference with minimal formalization hypotheses that can be
iteratively refined.

To demonstrate the methods we present a detailed case study of proposed adjointability
and span-composition notes in Cote 115, showing step-by-step how fragmented notations and
sketches can be turned into coherent bicategorical diagrams and working conjectures. Finally,
we discuss the generalizability of these techniques to other working mathematicians’ archives
and argue that the pipeline supports both historical interpretation and the identification
of fertile leads for current mathematical development. The primary objective of this work
is two-fold: to inspire academic inquiry into Grothendieck’s notes, and to provide a novel
methodological technique to facilitate productive research of these materials. It is our goal
that this paper will stimulate new research and provide a framework that allows scholars to

analyze Grothendieck’s notes, yielding robust and insightful findings in the future.

1 Introduction: The Challenge of Grothendieck’s Archives

Grothendieck’s manuscripts frequently combine dense mathematical content with idiosyncratic
notation, marginal sketches, and multiple layers of revision. The problem for the historian and
for the mathematician interested in reconstructing nascent ideas is thus twofold: (i) how to
make sense of text that is partially illegible or ambiguous; and (ii) how to infer conceptual
relationships when the author records only fragments or sketches. We frame these problems and

motivate a reproducible methodology.



2 Methodological Framework for Manuscript Analysis
Our pipeline consists of five complementary stages:

1. Digitization and preprocessing. High-resolution scans (600-1200 dpi), color normalization,
and stroke-enhancement filters. We recommend retaining raw scans and all preprocessing

steps in a provenance-tracked repository.

2. Transcription with uncertainty. Use hybrid human + assisted transcription where every
token is assigned a confidence score; low-confidence tokens are flagged for multi-expert

adjudication.

3. Thematic coding and indexing. Apply an iterative codebook to label passages, diagrams,

and marginalia.

4. Diagrammatic reconstruction. Translate sketches into formal diagram templates (e.g.,

spans, profunctors, bicategorical triangles) and produce candidate formalizations.

5. Comparative validation. Cross-check reconstructions with dated drafts, related published

work, and external archival materials (e.g., correspondence).

Each stage produces artifacts with explicit provenance metadata (page, image-id, crop

coordinates, preproc-step, transcribers, date).

3 Case Study: Adjointability and Spans in Cote 115

We apply the pipeline to selected folios from Cote 115. Our aim is reconstructive: to propose

formal diagrams and minimal hypotheses under which the sketches can be interpreted coherently.

3.1 Observations from the Manuscript

The folios include arrows, 2-cells and triangular sketches that we interpret as proto-bicategorical
compositions. Using the transcription and confidence-weighting pipeline we isolate three candi-

date loci on the page where an adjointability-like relation is suggested.

3.2 Reconstruction Strategy

We generate a small number of candidate bicategorical diagrams consistent with the preserved
arrows and annotate each candidate with a confidence score derived from (i) match to handwriting,

(ii) diagram-geometric fit, and (iii) co-occurrence with textual keywords.
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Figure 1: Reconstructed span composition and adjointability candidate (schematic). The arrow
labelled « indicates a 2-cell sketched in the manuscript; s, ¢ denote the span legs.

4 Reconstructing Evolving Concepts

We describe concrete heuristics for turning fragmented notations into working mathematical

conjectures:

o Anchor-and-extend: identify unambiguous anchors (named objects, fully written arrows)

and extend hypotheses conservatively.

o Minimal formalization: positing the weakest formal properties (e.g., existence of a left

adjoint for a given arrow) sufficient to explain the sketch.

« Diagram-synthesis: generate a small family of formal diagrams and test each for internal

consistency and external coherence with other pages.

o Confidence propagation: propagate local transcription uncertainty into the confidence

for the whole reconstruction.

5 Discussion: Generalizability of Techniques

Our techniques are designed to be general. While here we use topos-theoretic examples, the same
pipeline can be applied to sketch-heavy archives in algebraic geometry, category theory, and
beyond. We discuss limits: reconstructions are hypotheses, not proofs; they should be presented

alongside provenance metadata and uncertainty estimates.

6 Extracted Themes and Annotated Scan References (Cote 115

)

Below we summarise the mathematical themes and explicit scan/page references that we have

extracted earlier in our work covering Cote 115. [1].

We did transcribe these notes into bicategorical diagrams and formalized them in

the oco-categorical language accepted today.

(1, p. 1]



. Correspondences as first-class objects (spans — a bicategory Corr(C))
Grothendieck repeatedly replaces ordinary maps by “correspondance” (spans), draws span
diagrams and small 2-cells, and annotates “correspondance” vs “morphisme”; we formalized
this as a bicategory Corr(C').

section 3 (definition and Proposition 3.2) and the appendix images of pages 1-2 (we noted

repeated emphasis “correspondance” vs “morphisme”, with drawn spans).

. Adjoints / push-pull and Beck—Chevalley encoded by span diagrams
Grothendieck’s triangles and marginal notes indicate adjointability conditions; Beck—Chevalley
squares are sketched and we have extracted earlier the span-induced push—pull construction
and BC criteria.

section 3.1 and Proposition 3.4 in the text; we have explicitly pointed to the drawings and
BC annotations on pages 3-5, and section 13.A transcribes a Beck—Chevalley square drawn

on page 5.

. Span composition / “bons pour correspondances” (good morphisms for the
correspondence program)

Grothendieck draws span-composition pictures and flags a class of morphisms “bon pour
correspondances” (proper/finite-type-like); from this we have extracted axioms for a minimal
six-functor package.

Where in the scans: section 6 (minimal six-functor formalism) and the appendix images for
pages 6-8 (span composition diagrams and the “bon pour correspondances” remark). Section

13.B transcribes the span composition diagram from page 6.

. Duality of topoi / local operators / Lawvere—Tierney style marks

Grothendieck annotates subtopoi, circles the subobject classifier 2 and draws local-operator
diagrams; we have read these as Lawvere-Tierney /localization/modalities and formalize the
subtopos <+ local operator duality (extended to oco-topoi).

section 4 (Theorem 4.1 and remarks) and the appendix images for pages 9-11 containing

local-operator diagrams and notes about Lawvere-Tierney style maps.

. Criteria for when a site-functor induces a geometric morphism (continuity, left-
exactness, extra margins about f)
Grothendieck wrote explicit bullet/lines giving conditions on a functor u : (C, Jo) — (D, Jp)
that guarantee an induced geometric morphism; extra marginal remarks indicate hypotheses
needed for existence of left adjoints fi.
Section 5 (Proposition 5.1 gives the extracted criterion) and we have noted marginal ad-hoc

conditions visible in the scans (referenced near the relevant pages—see pages 3-5 ).

. Tannaka-style reconstruction hints

Grothendieck sketched the idea of “recognizing” a topos from functorial/fiber-functor data (a
Tannaka flavour); we have sketched an oo-categorical Tannaka-type reconstruction (heuristic).
section 7 (the text maps these heuristic cues to a Tannaka program); we have noted these

hints are present but limited in the available pages.



7.

10.

From sites to logic — internal languages and modalities

Grothendieck’s mapping from subtopoi to logical marks is read as an instruction to treat
localizations as modal operators in the internal language (useful for cohesive/synthetic
homotopy).

section 8 and the appendix pages 9-11 where subtopoi/local operator sketches and logical
annotations appear.

Galois / anabelian echoes (points, profinite completions, reconstructing funda-

mental groupoids)

There are sketches of “groupoids of points” and remarks about reconstructing fundamental
group(oid) data; these are interpreted as Galois-type hints (atomic/Boolean topos <> profinite
group action).

section 9 and the appendix commentary (pages 9-11) where groupoid/points sketches are

visible.

Test categories / homotopy & presentation-independence (Morita equivalence)

References to simplicial /cubical test objects show an intent to connect correspondences to
homotopy theory; repeated insistence that the invariant is the topos (not its presentation)
gives Morita/presentation independence statements.

section 10 (test categories), section 11 (presentation-independence), and the appendix images

for pages 9-11 (Morita/presentation notes).

Two explicit computations transcribed from the manuscript

(A) a Beck—Chevalley square is transcribed from the drawing on page 5; (B) a span composition
diagram is transcribed from page 6 and turned into the corresponding push/pull isomorphism
of functors. These are topics we have fully worked out in our previous work covering

Grothendieck’s notes.

Note: A cryptic but near-legible remark was noted in the top-right corner of A. Grothendieck’s

notes. While the translation cannot be definitively confirmed, the following interpretation is

considered the most accurate.
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Figure 2: Cote 115 Machine-Assisted Transcription. This figure illustrates the application of
computational techniques to the transcription of illegible notes. Note: The final output shown
here is for methodological illustration only and is not presented as an accurate translation.



7 Conclusion

We presented a reproducible pipeline for analyzing and interpreting handwritten mathematical
notes, with concrete tools for transcription under uncertainty, thematic coding, diagrammatic
reconstruction, and comparative validation. The Cote 115 case study illustrates how sketch
fragments may be reconstructed into coherent mathematical proposals (e.g., adjointability
candidates and span compositions). We advocate for archiving reconstructed artifacts and their

provenance to enable collaborative verification and formal development.

Acknowledgements

I thank the Université de Montpellier archives for access to the Grothendieck manuscripts. 1
thank Cédric Villani for his comments regarding Grothendieck’s work.

This work builds directly on the reconstruction effort documented in [1].

References

[1] P. De Ceuster, Newly discovered Potentials for Topos Theory from Grothendieck’s Handwritten
Notes: Functorial Correspondences and Topos Duality: A Reconstruction from Pages (Cote
115), Zenodo, 2025. DOI: 10.5281/zenodo.17065481.


https://doi.org/10.5281/zenodo.17065481

	Introduction: The Challenge of Grothendieck's Archives
	Methodological Framework for Manuscript Analysis
	Case Study: Adjointability and Spans in Cote 115
	Observations from the Manuscript
	Reconstruction Strategy

	Reconstructing Evolving Concepts
	Discussion: Generalizability of Techniques
	Extracted Themes and Annotated Scan References (Cote 115 )
	Conclusion

